Abstract.
Introduction.
In §2, we show that the composition r¡ of an analytic complex-valued function g in a region S of the complex plane with a continuous complex-valued function <f> of bounded variation on a closed interval [a, b] of the real axis is of bounded variation on [a, b] . We show further that J* v(t) dr¡(t) = j¡^ v(t)g'(<f>(t)) d<f>(t) for any continuous complexvalued function v on [a, b] . In §3, we use the result of §2 to give a proof (patterned after that in [1, p. 56] ) to show that if (/> is a continuous complex-valued function of bounded variation on a closed interval [a, b] of the real axis, p is a complex number not in the range of </>, and m is a continuous complex-valued function on [a, b] such that (1.1) e"U) = <f>(t) . In §4, we show how the result of §2 can be used to prove a result which relates to the argument principle. In §3, we also look at the situation where <p is a complex-valued function of bounded variation but not necessarily continuous on a closed interval [a, b] of the real axis, p is a complex number not in the range of <p, and u is a complex-valued function on [a, b] such that (1.1) holds. We suppose that there is a positive real number M such that \<p(t)-p\^.M for all / in [a, b] . We suppose further that we have a positive real number s and a partition A of [a, b] such that |im u(t") -im u(t')\^e whenever?', t" are on one of the closed subintervals of [a, b] determined by A. We use a simple and direct proof to show that u is of bounded variation on [a, b] . We observe that the condition here on the imaginary part of u(t) holds when u is continuous on [a, b] . Therefore, the result here, which is Theorem 3.3, generalizes the first result of §3 mentioned above, which is Theorem 3.1. The proof we give of Theorem 3.3 provides an alternate approach to the one used in proving Theorem 3.1 via Theorem 2.1 and the Whyburn technique.
A theorem for functions of bounded variation.
In this section, we establish the following theorem which we relate later to the study of admissible exponential representations, topological indices, and the argument principle. 
(t)= tf v(t)g'(4>(t)) d<j>(t).
Proof.
For each z in S, let g(z) = re g(z) and g(z) = img(z). For each t in [a, b] , let f(t) = re <p(t) and <¡>(t) = im (pit), and let i7(r) = re r¡(t) and */(/) = im r¡(t). Let T be the closure of a bounded and open set such that T is a subset of 5 and such that the range of <f> is in the interior of T. Let M be a positive real number such that |g,(z)|5=AZ", \g2(z)\^M for all z in T. Let y be a positive real number such that for every / in [a, b], the y-neighborhood of <j>(t) is in T. Let ó be a positive real number such that \<f>(t") -(f>(t')\<y for every t', t" in [a, b] satisfying \t" -t'\<ô.
Let t', t" be points of [a, b] satisfying \t"-t'\<ê. Let z'=x' + iy' and z"=x" + iy" be (/>(t') and 4>(t"), respectively, in rectangular form. Then,
for some real number 6 satisfying 0<6< 1. It follows that Proof.
Consider first the case where there is a ray L in the complex plane emanating from p such that L contains no points in the range of </>. There is a constant k such that u(t) = r)(t)+k for all t in [a, b] . Thus, u is also of bounded variation on [a, b] .
Let S be the region consisting of all complex numbers z not on L. There is an analytic complex-valued function g in S such that eq{z) = (z-p) for all z in 5. Let r¡(t)=g(<p(t)) for all t in [a, b]. It is apparent that r¡ is continuous on [a, b], and we have from Theorem 2.1 that r¡ is also of bounded variation on [a, b]. It is clear that e',u) = <p(t)-p for all t in [a
This completes the proof of Theorem 3.1. Next we show how Theorem 2.1 can be used to prove the following result which provides an integral formula for the topological index (1.2) when the function <p is continuous and of bounded variation on [a, b]. Proof.
For each r in [a, b], for simplicity of notation let u)(t) = <p(t)-p, let c7)(t) -re w(t) and cj(i) = im (o(t), and let «(r) = re u(t) and û(t) = im u(t). We now show that ù is of bounded variation on [a, b]. For each t in [a, b], ii(t) is the principal logarithm, Ln|ro(/)|, of the positive real number |a>(r)|. Let t' and t" be any two real numbers in [a, b] . We note that \u(t") -u(t')\ = \Ln\o>(t")\ -Lnh(F)|| = |£-*{MOI -\o>(t')\\\ for some £ on the segment of the real axis joining |«w(f')l and |w(i")|. Thus, lain -a(t')\ ^ M-i\\<f>(n -p\ -m')-p\\< a/-1 \<p(t") -<p(t')\. 
